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Thermal-hydro-mechanical coupling stress intensity factor of brittle rock
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Abstract: A new calculation formula of THM coupling stress intensity factor was derived by the boundary collocation method, in
which an additional constant stress function was successfully introduced for the cracked specimen with hydraulic pressure applied on
its crack surface. Based on the newly derived formula, THM coupling fracture modes (including tensile, shear and mixed fracture
mode) can be predicted by a new fracture criterion of stress intensity factor ratio, where the maximum axial load was measured by
self-designed THM coupling fracture test. SEM analyses of THM coupling fractured surface indicate that the higher the temperature
and hydraulic pressure are and the lower the confining pressure is, the more easily the intergranular (tension) fracture occurs. The
transgranular (shear) fracture occurs in the opposite case while the mixed-mode fracture occurs in the middle case. The tested THM
coupling fracture mechanisms are in good agreement with the predicted THM coupling fracture modes, which can verify correction
of the newly-derived THM coupling stress intensity factor formula.
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1 Introduction

In deep exploitation of minerals and oil, geothermal
development, nuclear waste disposal and underground
energy storage, brittle rock is usually subjected to
thermal-hydro-mechanical (THM) coupling condition
and THM coupling fracture easily occurs, which attracts
more and more attentions of researcher [1-3]. It is very
important to calculate stress intensity factor for
determining fracture mode in study of THM coupling
fracture [4,5]. Currently, available literatures of coupling
stress intensity factor calculation are only focused on
thermal-mechanical (TM) or hydro-mechanical (HM)
coupling condition. For example, weight function
method [6,7] and interaction integral method [8] were
used to deduce TM coupling stress intensity factors of
the semi-elliptical crack, circumferential crack and three
dimensional curved crack. Scaled boundary finite
element method [9], Geertsma’s model method [10] and
superposition principle method [11,12] were applied to
calculating HM coupling stress intensity factors of the

opening crack and compressive-shear crack. Although
there are very few literatures on the simulation of THM
coupling fracture process by wusing virtual multi-
dimensional internal bonds method [13] and hybrid finite
difference-displacement discontinuity method [14], there
is lacking in study of THM coupling stress intensity
factor.

In this study, the traditional boundary collocation
was used to deduce THM coupling stress intensity factor
formula by firstly introducing an additional constant
stress function, since this method was only suitable for
calculating stress intensity factor of the cracked
specimen without any force on its crack surface. THM
coupling fracture mode (including tensile, shear and
mixed mode fracture) could be predicted by a new
criterion of stress intensity factor ratio and self-designed
THM coupling fracture test. THM coupling fracture
mechanism was revealed by analyzing microscopic
characteristics of fractured surface and compared with
the predicted THM coupling fracture mode in order to
verify the newly-derived THM coupling stress intensity
factor formula.
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2 Derivation of THM coupling stress
intensity factor

2.1 Calculation model

A standard cylinder specimen (D=50 mm, L=100
mm) was adopted (Fig. 1), with an inclined penetrating
crack of 2¢=30 mm and o=45° and subjected to THM
coupling condition (i.e., temperature ¢, hydraulic pressure
pu, confining pressure py and axial pressure pp). Table 1
shows different THM coupling conditions for calculation,
where the axial pressure was unit pressure (p;=1 MPa)
and the hydraulic pressure (py) must be smaller than the
confining pressure (py) in order to avoid the mixture of
water and oil. The temperature must be controlled within
100 °C for preventing evaporation of water, since actual
temperature in deep mining is lower than 100 °C. A¢, «,
and Er were temperature difference between room
temperature and tested temperature, thermal expansion

5
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coefficient and elastic modulus, respectively.

2.2 Formula derivation
2.2.1 Stress function

As shown in Fig. 1, a global rectangular coordinate
system (XOY) was set at the center of crack surface (O),
and a local rectangular (xoy) and a polar (ox) coordinate
systems were set at the crack tip (o).

The boundary collocation method was applied to
calculating intensity factor of the cylinder
specimen under THM coupling condition, where a
biharmonic stress function must be chosen appropriately

stress

to meet all boundary conditions. Generally, the stress
function (¢)) is in the form of series expansion only for
the crack without applied force on its surface. For the
THM coupling specimen with the hydraulic pressure py
(Fig. 1), it is necessary to introduce an additional
constant stress function (¢,). The stress function ¢ is
written as the sum of ¢, and ¢,.
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Fig. 1 THM coupling calculation model: (a) Front view; (b) Top view; (c¢) Enlarged crack surface
Table 1 THM coupling loading condition

No. 1/°C At/°C al°C E1/GPa p/MPa pu/MPa pw/MPa
Tl 25 0 5x10° 10.67 1 2 4
T2 50 25 5x10° 10.54 1 2 4
T3 70 45 5%10° 10.50 1 2 4
T4 90 65 5%10°° 10.48 1 2 4
HI1 70 45 5%10°° 10.50 1 1.5 4
H2 70 45 5%107° 10.50 1 2.5 4
H3 70 45 5x10° 10.50 1 35 4
Ml 50 25 5x10°° 10.54 1 2 25
M2 50 25 5%10° 10.54 1 2 3
M3 50 25 5%10° 10.54 1 2 45
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where A4,, B,, C,, and D, are coefficients determined by
boundary conditions. Obviously, the stress function ¢
can satisfy the biharmonic equation V2V?*@=0.

In the polar coordinate system, the stress
components are expressed as
_ 10 12p_
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Substituting the boundary condition of crack
surface (when 6=0, o/=—py and 7,/~0) into Eq. (4), it
becomes

B,+D,=0

(EHJAH +[ﬁ—1)cn =0
2 2

n+2

Therefore, the stress function is simplified as

o(r, 0) = Zrz

{ {sm(——lj@—
n=1 2
sinf —+1(6 |+D, | cos| ——1|6—
n+2 2 2
n r?
COS(E+ 1) 0}} - Pu > (%)

In order to determine the coefficients 4,, B,, C,, and
D, conveniently, angle

is introduced and positive
angle w is defined in anticlockwise direction (Fig. 1(a)).
Substitutey=0-n into Eq. (5) and then rewrite the

stress function ¢ in the sum of even function ¢.(r, ) and
odd function ¢,(r, y) for calculating tensile (Mode I) and
shear (Mode II) stress intensity factor, respectively.

o(r, ) = Q. (r, W) + @, (r,¥) (6)
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Since the stress intensity factor at crack tip is
calculated when r—0, only the least power term »** in
Egs. (7) and (8) needs to be considered and thus Eq. (6)

becomes

2 113
o(r.w)=ar? (—cos—l//——cos—wj-r
2 3 2

2 1 3
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| ( 4 2!//) )

The stress components in the polar coordinate
system can be obtained by substituting Eq. (9) into

Eq. (4)
o, = i(—5 cos%y/ + COS%!//) +

4J?

(- 5s1n£+3s1n 1//)

4xf
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v 3
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and the stress components in  rectangular

coordinate system can be obtained by coordinate
transformation.
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a 21 v v . 3y (==1, 2, :*) has the following stress components in X
o, =—— cos—(l—sin—sin—) — L . . e
x N and Y directions according to THM loading condition:
b~N2m . =
IVt smz(2+coszcos3—y/) Ox ==putabrAT (14)
N2mr oy =—pL +aE;AT
aN2m w3y . .
Oy = —Tcosz(l+5m30057)+ the coefficients a and b for the stress function can be
r . . . .
fom (11) determined by using stress analysis of the element (Fig. 3)
biv2m sinzcoszcosl// and Eq. (4).
2nr 2 2 2
aN2m v . k1% Table 2 Polar coordinate of boundary points
T, =———C0s-—-sin--cos——+ ) o O , O O
1277 2 2 2 Point #/mm £/(°) w/(°) |Point r/mm SB/(°) w/(°)
b 21 % v v M; 40.798 15.066 60.066 | N, 61.526 9.925 215.075
=== cos = (1 - sin =sin —)
[2 7 M, 35994 17.136 62.136| N, 56.608 10.798 214.202

M; 31.251 19.838 64.838 | N; 51.705 11.836 213.164
M, 26.602 23.494 68.494| N, 46.823 13.091 211.909
Ms 22107 28.667 73.667| Ns 41.968 14.637 210.363

According to the stress components under mixed
mode loading

o, = \/%COS%(I—Sin%SiH%W)— 1\.4(, 17..882 36..375 81..375 1\./6 37..152 16..586 208:414
\/% sin%(2 + cos%cos%ﬂ)
Ky oy 3y "
o,= \/%cosz(l+sm3cos7)+ M,
Ky v v 3y (12 Moo *
sin - cos - cos—— NM: N\
Lo 2 2 2 Y b \ v /
T, = K, coszsinzcoss—l’y#r N\
Yo 22 2 45
%cos%(l—sin%sin%ﬂ) o , i X
I
Modes I and II stress intensity factors K; and Kj; can be ) :
calculated by comparing Egs. (11) and (12) as follows. b
b I
K; = —alx/ﬂ (13) }’E :
Ky = bl\/g . M
Fig. 2 Boundary points position
It is seen that K| and Kj; depend only on the two
coefficients a; and b;. The two coefficients can be WY
determined by boundary conditions, i.e., selecting n\ oy
several points at the boundary except the crack surface M,
(which is included in the stress function ¢,) and solving Cf\""ﬂ)(ﬂ_'q" x
the equations of a; and b, established by the boundary N
condition. L4
2.2.2 Coefficients for stress function 45° 6
For different values of m (m=1, 2, -**) in Egs. (6—8), 0
there are different numbers of the coefficients a and b, X
and different numbers of the boundary points are needed
for determining the different coefficients. As shown in or;-
Fig. 2, several boundary points M; and N; (=1, 2, -**) are N,
selected on the cylindrical generatrix passing through the Ux’_%‘é{_’ ay
crack midpoint at interval of 5 mm and their polar |

. . . ay
coordinates can be calculated by geometrical relations of !

the triangles (Table 2). Since any boundary point M;or N; Fig. 3 Polar stress of boundary points
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Take the specimen T1 as an example to illustrate the
detailed process. Firstly, let m=1 and Eq. (6) becomes

2 1 1 3
W)=ar?| —cos—y ——cos=y |-
o(r.v) alr( SV 3 2!//)

a,r? (cos 2y —1) —pTHrz +

2 1 3
br?| —sin—y —sin— 15
I ( 4 5 V/J (15)
Because the term of b, always equals zero, there is
only three coefficients a;, a, and b; and thus two
boundary points M; and M, are enough, with four known
stress conditions (each point has both normal and shear
stresses).
The polar normal and shear stresses of M; and N,
can be calculated by stress analysis.

Iy 0052[g+ﬂ1]—

oy sin2[§+ﬁlj =-1.203 MPa

Oy +0y Oy—
2 2
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2 2
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o (N) =2 "L+ ZX "V os2| ==— j—
r( l) 7 7 (2 ﬂZ
Txy sin2(%—ﬁ2j=—1.089 MPa
(17)

Oy —Oy . 3n
rw<Nl>=%sm2(7—ﬂzj+

Tyy COSZ(%—ﬁzj =-0.509 MPa

In addition, the polar stress expressions of points M
and N, can be obtained by substituting Eq. (15) and
the polar coordinates of points M, and N, into Eq. (4)
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with the consideration of y=6-x.
0,(M,) =-5.36a,+0.996a, +0.61b,
{z’,,/,(Ml):—1.857al+1.819az+1.065b1 (19
0,.(N})=2.319a, +2.679a, — 6.64b,
{TW(N]) =—0.349a, —1.819a, +2.099h, {1

Combining Egs. (16—19) results in four linear
equations including the three coefficients a;, a, and b;.
The overdetermined equations are rewritten in the form
of matrix as follows, which can be solved by least square
method, i.e., the optimal solution of X must satisfy min
||AX—b]].

Ax=b (20)
-536 099 0.616
A -1.857 -1.819 1.065
2319 2,679 —6.641
-0.349 -1.819 2.099
4
X=|a,
by
0.797
b 0.753
0911
-0.509

From the above analysis, it is seen that m=1
corresponds to three coefficients and two boundary
points. Therefore an arbitrary value of m (m=1, 2, *)
corresponds to coefficients of 4m—1 and boundary points
of 2m are needed for determining the coefficients of
4m—1 (each point has both normal and shear stresses).
Similarly, overdetermined equations of 4m can be
obtained and coefficients of 4m—1 can be calculated as
listed in Table 3. It is found that the values of a
and b, for determining K| and Kj; (Eq.(13)) are almost

Table 3 Corresponding undetermined coefficients of different m in stress function (Specimen T1)

m a; by a as b; ay by as bs ag bg

1 -0.272 -0.380  —0.335

2 0.7102 36.225  11.976 2.336 30.612 14386 2047

3 0.369 72.66 —6.211 -0.384 67.816 —0.422 110.8 23.47 38956 —11.50 —256.1
4 0.1 -101.7 -1.3 -0.4 0.0263 -0.5 469 27 2808 2.4 —1244
15 -0.00998 0.0331 —0.481 0.0417  —0.325 0.271 0201 -0.318 0.0121 -0.139  0.289
16 —0.00998 0.0331 —0.485 0.0416  —0.331 0.248 0.187 —-0.301 0.0108 -0.142 0.293
17 —-0.00998 0.0331 —0.488 0.0421  —0.303 0.313 0.238 —0.334 0.0129 -0.145 0.278

18  —0.00998 0.0331 —0.484  0.0413 —0.317

0319  0.242 -0.342 0.0131 —0.129  0.276
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unchanged and can be regarded as convergence when
m=215. Therefore, the values of @; and b, in the case of
m=15 can meet accuracy requirements for calculating K
and K.
2.2.3 Stress intensity factor

For the specimen T1 under THM coupling condition,
modes I and II stress intensity factors are calculated by
substituting the values of a; and b, (m=15) into Eq. (13).

K; =0.025 MPa-m"?
(21)

Ky =0.083 MPa-m'"?

Table 4 lists the stress intensity factors of different
specimens with different THM coupling conditions
(Table 1). Calculation formulae of THM coupling stress
intensity factors can be obtained by fitting method.

K, _ pupytavacosa [136.11(1)3 +
2\/EDPMto D

247.164(%)4 +0.001}

(22)
3 tha\/; sina

e 2\/5Dt0

126.504(%)4 + 0.235}

[147.234&)3 +
D

Table 4 THM coupling stress intensity factors

No. Ky/(MPam'?) Ky /(MPa-m'?)
Tl 0.025 0.083
T2 0.049 0.100
T3 0.073 0.118
T4 0.106 0.144
HI 0.058 0.144
H2 0.093 0.142
H3 0.131 0.155
M1 0.114 0.123
M2 0.073 0.119
M3 0.042 0.106

3 Test verification

3.1 Test arrangement

Rock material was local red sandstone, and its
mineral composition was quartz (90.0%) and little
feldspar (4.1%) cemented by hydromica (4.8%) and
kaolinite (1.1%), etc. Rock specimen was the same as the
calculation model (Fig. 1), i.e., standard cylinder of
d50 mmx100 mm with a penetrating precrack of 2a=30
mm and ¢=45°. An additional vertical hole of d3 mmx50
mm was drilled from the bottom center of the specimen
to the crack surface in order to apply the hydraulic
pressure Py on the crack surface (Fig. 4).

100 mm

(a) (b)
Fig. 4 Rock specimen: (a) Model; (b) Real object

THM coupling fracture test was conducted by the
self-designed THM coupling testing system (Fig. 5),
including tri-axial loading system, hydraulic pressure and
confining pressure loading system. The hydraulic
pressure and confining pressure system were connected
to the tri-axial loading system by high-strength hose, in
which special isolation films were used to avoid the
water mixing with the oil. Before the test, both the rock
specimen and the water were heated to the specific
temperature z. The temperature ¢ must be controlled
within 100 °C for preventing evaporation of water since
actual temperature in deep mining is lower than 100 °C

Hydraulic

Fig. 5 THM coupling testing system: (a) Tri-axial loading
system; (b) Hydraulic and confining pressure system
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and the hydraulic pressure py must be smaller than the
confining pressure py in order to prevent the water
mixing with oil, as shown in Table 1. During the test, the
maximum axial pressure ppm. Wwas recorded for
calculating the maximum stress intensity factors Kjmax
and Kjmax (Eq. (22)) and microscopic characteristics of
the fractured specimens were analyzed by a scanning
electron microscope for revealing the fracture
mechanism.

3.2 Test results and analysis
3.2.1 Fracture mode

In classical fracture mechanics, fracture mode
(Mode I or Mode II) is assumed to be the same as
loading forms (tension or shear). That is suitable for
most metal materials. For brittle rock with much smaller
tensile strength than shear strength, the shear loading
results in the tensile fracture rather than the shear
fracture. Therefore, a new fracture criterion of stress
intensity factor ratio has been established based on the
fact that the fracture mode ( Mode I, II or mixed mode)
depends on the ratio of maximum shear to tensile stress
intensity factor at crack tip (Kiimax/Kimsx) but not the
loading mode as follows [15].

K K
Kn,max < Knc and Ky max = Kic» Mode I

I,max IC
K K

Lmax  Bric g Kiimax = Kiic» Mode II
KI,max KIC @3)
K 1I,max K 1IC

max and K; .. =K, K = Kic»
K I,max K IC b “ o "
mixed mode

In the new fracture criterion, the maximum modes I
and II stress intensity factors (Kjmax and Kim.x) of the
THM coupling specimens are calculated by substituting
the tested value of maximum axial pressure py m. (Table
5) into Eq. (22). Modes I and 1I fracture toughness (Kjc
and Kpc) of the red sandstone were obtained by
three-points bending test and shear-box test at different

temperatures ¢ (Table 5), since Kic and Kjic (as a material
constant) are independent of the hydraulic pressure py,
confining pressure py and axial pressure py, but affected
by temperature ¢. Thus the fracture modes of the THM
coupling specimens can be predicted (Table 5) according
to the new fracture criterion (Eq. (23)).

3.2.2 Fracture trajectory and fracture mechanism

Figures 6—11 show the fracture trajectories and
SEM images of the THM coupling specimens, and the
microscopic fracture mechanism is analyzed as follows.

1) Under lower temperatures (Specimens T1, T2),
lower hydraulic pressure (Specimen H1) and higher
confining pressure (Specimen M3), the specimens have
similar ~ macroscopic and  microscopic  fracture
characteristics (Figs. 6(a), 6(b), 7(a) and 8(d)). The
cracks are initiated at the two crack tips and propagated
only in one direction of negative angle (<0 clockwise,
Fig. 1(a)). There are many sliding steps and dense
parallel stripes appearing on the fractured surfaces and
transgranular fracture occurs, which are typical
characteristics of Mode II (shear) fracture.

2) Under higher temperature (Specimen T4), higher
hydraulic pressure (Specimen H3) and lower confining
pressure (Specimen MI1), the specimens have similar
macroscopic and microscopic fracture characteristics
(Figs. 6(d), 7(d) and 8(a)). The cracks are initiated at the
two crack tips and propagated only in one direction of
positive angle (>0 anticlockwise, Fig. 1(a)). There are
many complete crystal particles in sugar shape appearing
on the fractured surfaces and intergranular fracture
occurs, which are typical characteristics of Mode I
(tensile) fracture.

3) Under middle temperature (Specimen T3),
middle hydraulic pressure (Specimen H2) and middle
confining pressure (Specimen M2), the specimens have
similar  macroscopic and  microscopic  fracture
characteristics (Figs. 6(c), 7(c) and 8(b)). The cracks are
initiated at the two crack tips and propagated in
two directions (<0 clockwise and >0 anticlockwise,

Table 5 THM coupling fracture mode and mechanism of red sandstone specimens

No. PL.max/ K max/ Kimax/ Kijmay/ Ko/ K/ K/ Predicted Tested
MPa  (MPa'm'?) (MPa'm'?) K max (MPam'?) (MPam'?) K¢ fracture mode fracture mechanism
T1 152 0.38 1.21 332 0.60 1.21 2.02 Shear Shear
T2 128 0.63 1.28 2.03 0.75 1.25 1.67 Shear Shear
T3 112 0.82 1.32 1.61 0.84 1.29 1.54 Mixed Mixed
T4 93 0.99 1.34 1.35 0.91 1.36 1.49 Tension Tension
H1 9.1 0.53 1.31 247 0.84 1.29 1.54 Shear Shear
H2 95 0.88 1.35 1.53 0.84 1.29 1.54 Mixed Mixed
H3 65 0.85 1.01 1.19 0.84 1.29 1.54 Tension Tension
M1l 69 0.79 0.85 1.08 0.75 1.25 1.67 Tension Tension
M2 113 0.82 1.35 1.65 0.75 1.25 1.67 Mixed Mixed
M3 114 0.48 1.21 2.52 0.75 1.25 1.67 Shear Shear
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Fig. 6 Fracture trajectories of red sandstone at different
temperatures: (a) Specimen T1 (y<0); (b) Specimen T2 (y<0);
(c) Specimen T3 (y<0 and y>0); (d) Specimen T4 (y>0)

a

Fig. 7 Fracture trajectories of red sandstone at different
hydraulic pressures: (a) Specimen H1 (y<0); (b) Specimen T3
(w<0 and y>0); (c) Specimen H2 (y<O0 and y>0);
(d) Specimen H3 (y>0)

Fig. 8 Fracture trajectories of red sandstone at different
confining pressures: (a) Specimen M1 (y>0); (b) Specimen M2
(y<0 and ¥>0); (c) Specimen T2 (y<0); (d) Specimen M3
(y<0)

Fig. 1(a)). Both the sliding steps of parallel stripes and
the complete crystal particles in sugar shape appear on
the fractured surfaces, and both the transgranular and
intergranular  fractures which are typical
characteristics of mixed mode fracture.

Table 5 lists the test results of fracture mechanisms
of the THM coupling specimens based on the fracture
trajectories and microscopic characteristics, which are in
good agreement with the predicted results of fracture
modes based on Egs. (22) and (23). It is verified that the
established calculation formula of stress intensity factor
(Eq. (22)) is correct for the THM coupling specimen.

occur,

Fig. 9 Fracture morphologies of red sandstone at different temperatures: (a) Specimen T1 (transgranular fracture); (b) Specimen T2
(transgranular fracture); (c) Specimen T3 (transgranular and intergranular fracture); (d) Specimen T4 (intergranular fracture)
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%200 100U OORONIS 49 SE!

= N -
Fig. 10 Fracture morphologies of red sandstone at different hydraulic pressures: (a) Specimen HI (transgranular fracture);
(b) Specimen T3 (transgranular and intergranular fracture); (c) Specimen H2 (transgranular and intergranular fracture); (d) Specimen
H3 (intergranular fracture)

B
\

H’;‘: WZOO 100nm 0000 12 49.SET A
e if?-\- ’ i

;-;_-;s_u.!' B 08 oo 0apga (0 a9 SE . -;:-.\Q_To-{:{_"aew 14 49 SE1 o
Fig. 11 Fracture morphologies of red sandstone at different confining pressures: (a) Specimen M1 (intergranular fracture);
(b) Specimen M2 (transgranular and intergranular fracture); (c) Specimen T1 (transgranular fracture); (d) Specimen M3

(transgranular fracture)

cracked specimen without any force on its crack surface.

4 Conclusions By successfully introducing an additional constant stress
function into the boundary collocation method, a
1) Traditional boundary collocation method is only calculation formula of THM coupling stress intensity

suitable for calculating stress intensity factor of the factor of the cracked specimen (with hydraulic pressure
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applied on its crack surface) was firstly derived, which is
very important both for improving classical fracture
mechanics theory and for providing evidence for fracture
prediction, safety assessment and cracking-arrest design
in THM coupling rock engineering.

2) The maximum THM coupling stress intensity
factors can be determined by substituting the maximum
axial load measured by self-designed THM coupling
fracture test into the newly-derived THM coupling stress
intensity factor formula. THM coupling fracture modes
(including tensile, shear and mixed fracture mode) can be
predicted based on a new fracture criterion of stress
intensity factor ratio.

3) SEM analyses of THM coupling fractured
surface indicated that the higher the temperature and
hydraulic pressure are and the lower the confining
pressure is, the more easily the intergranular (tension)
fracture occurs. The transgranular (shear) fracture occurs
in the opposite case and the mixed-mode fracture occurs
in the middle case. The tested THM coupling fracture
mechanisms are in good agreement with the predicted
THM coupling fracture modes, which can verify
correction of the newly-derived THM coupling stress
intensity factor formula.
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