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ABSTRACT By means of a Mo-Fer Nt Co diffusion quarternary and the B-type spline functions, the mathe-
matical models of the components have been established on the two-dimensional plane of the diffusion quar-
ternary for the six single phase regions & MoNi, P, WFe;Mog, bec{Fe), bee(Mo) and fec in the Mo Fe Ni

ternary system, and for the four single- phase regions & MoNi, BCosMog, bee{ Mo) and fec in the Mo Nt Co

ternary system.
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1 INTRODUCTION

The diffusion couple technique has found
wide applications in the study of phase diagrams
at home and abroad. However those applications
are limited to measuring a ternary isothermal
section with a diffusion triple, measuring a quar-
ternary isothermal tetrahedron with a diffusion
quarternary, and studying the concentration dis-
tribution in one dimension. Previously, the au
thors have measured the isothermal sections at

1200 C in the Mo-FeNiand Mo-Nt Co ternary
systems with a Mo FeNrCo diffusion quar
ternary simultaneously! " *' which is beneficial
to make an overall study of the phase equilibrium
relations of the two related ternary systems, and
to raise the efficiency of phase diagram measure-
ment. This work is aimed at giving a compre
hensive description of the atomic diffusions in the

O Supported by the National Natural Science Foundation of China

Mo FeNrCo diffusion quarternary, and estab-
lishing mathematical models for the concentra
tion distributions of the components on the two
dimensional plane of the diffusion quarternary,
thus helping determine the concentration distri-
bution of each component by means of calculation
and display all the phase equilibria in the diffu-
slon quarternary.

2 SETTINGUP OF
SYSTEM

COORDINATION

The rectangular coordinate systems are set
up to describe the phase region distributions at

1200 C of the Mo-FeNi and Mo-Nt Co ternary

systems in the Mo FeNrCo diffusion quar

[1, 2] , as ShOWn in Flgs 1, 2 In the flg_

ternary
ures, the z axis expresses the concentration.

M athematical models of concentration distribu-
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tions can be established using the data in Figs. 1,
2 obtained from EPMA, thus the mole fractions 3 SELECTION OF MATHEMATICAL

of Mo, Fe, Niand Co components at any point METHOD - B-TYPE SPLINE FUNC
can be calculated. TION

Fig. 2 Schematic diagram of phase regions in Mo Nt Co ternary system
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T ake the &MoNi phase region in Fig. 1 as
an example. Assuming the concentration of Fe at
point ( x, y ) is 2%, then z depends on x and
y, thus z is a function of x and y, 1.e. z =
F(x, y). The concentration profile of Fe can be
established by changing ( x, y ) inthe GMoNi
phase region, which is a curved surface located
above this region. Let the surface be a. Draw a
straight line [ parallel to x axis containing [ per-
pendicular to x Oy plane. Use I' to express the
intersection line of those two planes. I'is a con-
centration curve, which can depict the whole
curved surface of concentration when line [/
moves up and down in the &GMoNi region. Be
cause z = F(«x, y)isunknown, P is unknown.
If we can know the P curve corresponding to
each line [, then we can know the curved surface
@, thus obtaining the concentration z =
F(x, y) required.

P is curved macroscopically, but the small
segments cut from ' are microscopically
straight. Using straight line segments to take
the place of corresponding curved segments mi
croscopically and connecting them, a broke line
can be obtained. By polishing this broken line
macroscopically, a smooth curve can be ob-
tained. Through approximation treatment, this
smooth curve can be used to express curve I'. In
this work, the B-type spline functions with good
integral approximation and shape preserving
property are adopted in the polishing treatment
of the broken linel * 1.

4 ESTABLISHMENT OF MATHEMATICAL
MODELS OF CONCENTRATION DISTRI-
BUTIONS

4.1 Mo Fe Ni ternary system

First, establish the mathematical model of
concentration distributions of Mo, Ni and Fe in
the & MoNi region, then the other regions can
be treated similarly. Consider the concentration
distributions along the straight line segments 40
- 17, 41- 18, 42— 19, 43— 20, 44- 21, 45-
22 in Fig. 1. Tt is known from Ref.[ 1] that the
concentrations of Mo and Ni almost change lin-
early along the directions parallel to y axis,
therefore linear interpolation equations can be

used to calculate the concentration distributions
along those segments. Let y; and z; stand for the
ordinate and concentration of point i, then the
concentration z along the above six straight line
segments with ordinate ¥y can be expressed as

40- 17:

yA - 2

= ozt Ty gy (1)
Ya0— Y17

41 - 18:
Zg - 2 8

z = zig+ (y = yis) (2)
y41_ }/18

42 - 19:
Zélz_ yA 9

z= zio+ (¥ = y19) (3)
}/42_ y19

43 - 20:
yA - 2

s=ozpt (v = vy (4)
Ya43— ¥20

44— 21:
yA - 2

s= ozt oy ya) (5)
}/44 }/21

45 - 22:
yA - 2

sz oapt T (y- ) (6)
}/45 }/22

Because the right boundary of the &MoNi
region is a curved line segment 46— 23, the con-
centration along it cannot be calculated using lin-
ear interpolation. Now, introduce an assumed
point 23, as shown in Fig. 3. Because point C
is on the straight line segment 45— 22, its con-
centration can be obtained from eq. (6). Suppose
the &MoNi region extends to straight line seg-
ment 46— 23" . Due to the fact that the straight
line segment C - 23 s very short, the concen-
tration variation along C— 23 can be considered

Fig. 3 Schematic diagram of linear
interpolation
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as linear. Therefore, using the data at points C
and 23, the concentration at point 23 can be
calculated by means of linear interpolation, 1. e.
z23: Mo, 47.10; Ni, 40. 44; Fe, 12. 16.
Then the concentration along straight line seg-
ment 46— 23 is

46- 23

Z46— 223
z = z23+

o (y= y23) (7)
Ya6— ¥23
Draw a straight line [ paralled to x axis in
the &MoNi region( ordinate= y), then the ab-
scissa of the intersection points of [ and straight
line segments 40— 17, 41- 18, 42— 19, 43-
20, 44— 21, 45- 22, 46— 23 are respectively
- 160, - 140, - 120, - 100, - 80, - 60,
— 40. Take y = 20 as an example. Let z, and
zo3 In eqs. (1) ~ (7) express the concentration
of Fe, then the values at those intersection
points are 1.92, 3.54, 4.94, 6.13, 8.96,
9.78, 11.50. Taking [ as abscissa axis, set up
10"z rectangular coordinate system( see Fig. 4)

Fig. 4 Schematic diagram of mathematical
polishing for broken line A B

and connect the above 7 points, then a broken
line of concentration, AB, is obtained, which
can approximately replace the concentration
curve I'. The mathematical expression of AB is

s= Fy(x. 20) = 1.92M, 100

0
x+ 140 x+ 120

354M (T T+ A M (T +

x+ 100 x+ 80
20 )+ 8.96M ,( 20 )+

97&Wﬂ&§jm)+lLSMWﬂ&§§m)

6. 13M 5

where M> ( x ) is a second - order standard
B-type spline function, and

Ma(x)= (D) Mi(x)

Mi(x)= &
D is a differential operator and 0 is a central dif-
ferential quotient operator with a step of 1,
M (x ) 1s a first-order standard spline function,
and

E xk, x> 0

alo, o« <0
The derivative variation of concentration is con
tinuous, therefore, the concentration curve P is
smooth. In order to make the concentration bro-
ken line AB approximate P, it is necessary to
make mathematical polishing treatment for AB.
In order to make the polished curve pass the end
points A and B, it is reasonable to extend A to
A’ and B to B/, andx,— x4 = x5 - Xp= 20
Hm, thenzy = 2x1.92- 3.54= 0.3, zp =
2x11.50- 9.78 = 13. 22. Consequently, the
mathematical expression of the broken line A'B
s

z= Faofx, 20) = 0.3M,( 20 )+

Fi(x, 20) + 13.22A42(“;§629)

After carrying out a mathematical polishing
/ / . .
on A B, we can obtain the concentration curve
I corresponding to [(y = 20):

&
20 -
-0 P "Fo(x, 20)

x+ 180
0.320 20 )+
g

2OLT1FH(x, 20) +
LSZQD—le(.X_-I-_ZQ

13.22 2 Y,
0. 30558+ 1 o2m ) 4

35455+ 4 oan )

x+ 100 x+ 80
20 )+ 8.96M s5( 20 )+

gijjm)+1L5mwg&§§m)+

z= F(x, 20) =

&

x+ 160

6. 13M 5(

9. 78M
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13. 220 5 552

= 0.3M3(9+ 55)+
L92M3(8+ 50)+ 3.54M3(T+ 55) +
4. 94M (6 + *2*6)+ 6. 13M3(5+ *2*6)+
8.96Ms(4+ 50)+ 9. T8Ma(3+ 50+

X X
L SOM (24 50) + 13.22M5( 1+ 5)
(8)

where is a central differential quotient op-

20
erator with a step of 20 Bm, M3(«x ) is a third
order B-type standard spline function:

My(x)= ()M ()
Noting the characteristics of Sand D™, we get
Mis(x)= (D)2 &7= 8D %!
1

3 2
= 6x+

2

Because
63 = (El/z_ " 1/2)3
(- E—1)3E3/2
3 . .
(= DIETTT
2

where E is a displacement operator, [ is an
identical operator, we get

_L 3

Ms(x)= ~ 2= /(B2
1 2 3 3 .
= > (= e _
o 2 DD+ = s
0.75- «x? (l x1< 0.5)
= 10.5¢2- 1.5« 1+ 1.125 (0.5 <I xl< L5
0 (1 x| 21.5)

(9)
Similar to the treatment of eq. (8), we ob-
tain the concentration curve corresponding to [ in

the &MoNi region:

3 , Zag 2 ,
z= S(x, y)= [2z17+ 27 L (y— yi7) -
Ya0— Y17

2417 218 : X
- (y— v M5(9+ +
218 ).41_).18\) yi8) ] M 3 20)
Zan— 217 , r
[zm+ = (y— y1)] M3(8+ 20/t
Y40~ Y17
Z4— % , r
+ y—y Ms(T7+ +
[z13 ).41_).18() yis) ] Ms( 20/
= z1g ‘ |
[z+ = (y— y1)] M3(6+ J7)+
Y42— Y19 20

[z20+ SN (v = yao)] Ma(5+ 57)+
Y43— ¥20 20
4 — Z . X
+ y— y Mi(4+ +
[z2 ase )'21() ya) ] Ms( >0/
4 — Z . X
+ y— ¥ Mi3(3+ +
[z as— yzz” y22) ] Ms( >0/
Z246— 723 . .
[zo3+ = (y— ya3)] M3(2+ %)Jr
Y46 — Y23
Z — / .
[2z09+ 27— "(y— ya3) -
Y46 — Y23
4 — 2 . I
- y— ¥ M1+
in= T yzz” y2) [ Ms( 20/

By substituting y; and y,3 into the above
equation, we obtain

3 , Zan— Z17
z= S(x, y)= [2z27+ 0 Y

Z

1= Z]g8 - ‘ X
45 ()+ 2)]M3(9+ 20)+

- Z13—

r4 — 2 .
[2i7+ =000y Ms(8+ 550 +

r4 — 2 . .
[205+ ~ g5 v+ 2] Ms(T+ 550+

r4 — 2 . .
[2104 T35 Ty = 2] Ms(6+ 55) +

r4 — 2 . .
[220+ TS5y = 3)] Ms(5+ 35) +

r4 — 2z . X_ .
[+ “557 (= 4] M4+ 500 +

Z

-, | |
[+ “505 (v = 8)] Ms(3+ 35) +

z — Z97 ) X .
[229+ 5557 (y = 9] Ma(2+ 55+
Za6— Zo7 !

[2000 4 274 - 9)) -

Z

sn= TG - 8 M1+ 55 (10)

This 1s the mathematical model of concen-
tration distributions of Mo, Ni and Fe in the &
MoNi region. In eq. (10), let z; and z 23 be the
concentration of Mo, Ni or Fe, then we obtain
the concentration distribution functions of Mo,
Ni and Fe in the & MoNi region respectively: z
= M(x, y), z= N(x, y), z= F(x, y).

For the P region, similar to the treatment
of the G&MoNi region, introducing assumed
points 47 (- 60, 30), 24 (- 60, 9), 50 (20,
40) and 27 (20, 0) whose concentrations are

Mo N1 Fe
247 54.03  37.79 8. 18
z224 48.06 39.81 12.13
z 50 50.43  25.57  24.00
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297 49.26 33.19 17.55 Mo Ni Fe
‘ ‘ 237 14.30 10.71  74.99
t}‘len‘the‘ mat‘hematlcal model for concentration s 0. 43 7 71 3186
distributions is
z= S(x, y) Z 36 10. 60 7.12 82.28

Z

-z ’ . .
= [zt P 9T M3 )

Z

[ZZS+ 25 ()_ 7)]M3(2+ 20) +

Z

[ZZ6+ 33 ()_ 4)]M3(1+ 20)+

249— Zzz X
[ZZ7+ 36 )]M3( 20) +

[z + Sy M- 1 250 (1)

For the HFFe;Mog region, introducing as
sumed points 51 (0, 40), 51" (- 20, 40), 28

(- 20, 0) whose concentrations are

Mo N1 Fe
zs1 50.30  27.66 22.04
zs1 53.65 31.19 15.16
z28 43.44 42.12 14.44

then the mathematical model for concentration
distributions is
z= S(x, y)
zZs51"— Zo% ,
= [+ T oyl Ma(1+ 500+
25/ — 298 X
[ZZS+ 40 )]M3(20)+

[zt Tg (y+ 9] Ms(= 1+ 300+

r4 — 2 . .
[z304 T v+ U Ma(= 2+ 50+

4 — 2z . X_ .
[za+ 5 (y+ 200] Ma(= 3+ 55)+

255— Zqz R X
[Z3Z+ 104 ()_ 8)]M3(_ 4+ ;0)"’

Z

_ | |
[23+ 058 (v = 3D Ma(= 5+ 500+

Z

— Z . J R
[za+ Tge (v = S3)IMa(= 6+ 55+
£57— Z34 .
[2234+ 43 ()_ 53)_
256 233 . X
Z33— 88 ()_ 37)]M3(_ T+ 20)

(12)
For the bce ( Fe) region, introducing as
sumed points 37 (60, 8), 36 (60, — 12) and

36 (80, — 12) whose concentrations are

then the mathematical model for concentration
distributions in the bec(Fe) region is
z= S(x, y)

237 — Z3¢ i X
= [z3¢+ ooy 12)] Ma(= 3+ 55+

Z

-z / . .
[236+ T o0 (v + 1)) Ma(= 4+ 500+

[230+ 50y + 12)] Ma(= 5+ 55+
[235+ 57504 3601 Ma(— 6+ 50) +
[[2235+ 5200+ 36)] -

[23+ 570+ 12)]) Ma(= T+ 35

(13)
For the bcc(Mo) region, the mathematical
model for concentration distributions is
z= S(x, y)

Z66— Z58 R
= [2258-" 70 ()_ 40)_

Z

Z 59— 143 ()_ 37)]M3(5+ 40) +

z — 2z ) )
[zss+ “80 (v = 40)] Ma(4+ 7o)+

[259+ 143 ()_ 37)]M3(3+ :0) +

[Z6O+ 142 ()_ 38)]M3(2+ 40) +

Z — 2 . .
[zo+ “805 y= 321 Ma(1+ o)+

20— 2@ . .
[Z()Z+ 144 ()_ 36)]M3($)+

Zm— Zﬁ; R X
[263+ 116 () - 64)]M3(_ I+ :0) +
[264+ 116 ()_ 112)]M3(_ 2+ :0)"’
4 — Z

[zos+ o7 Sy 139)] Ma(= 3+ J5)+

73— Z :

[265+ —o oy = 139) -

Z 64— 63 (y— 112)] Ms(- 4+ 40)
(14)

For the fcc region, the mathematical model
for concentration distributions is
z= S(x, y)
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= ([2:+ T+ 80)] -

Z

[22+ T07 0+ 8001 Ma(S5+ o)+

Zo—

4
[21+ Ty (r+ 80)] Ma(4+ 35+

210= 22 . X
[z2+ 22 (y+ 80)] Ms(3+ 40)+

. X
[z3+ 21 (y+ 80)] M3(2+ 40)+
[z4+ 37 (y+ 80)]Ms(1l+ 40)+
. X
[Z5+ 80 )+ 80)]M3(40)+

[26+ T eg (y+ 80)]Ms(~ 1+ o)+

4 — 2z
[27+ “5gg (v + 80)] Ma(= 24 Jo)+

r4 — 2z . X .
[z5+ T (y+ 80)] Ma(= 3+ o)+

Zlg— 23 ,
[2zg+ 7 (y+ 80) -

2_158_8_22()'+ 80)] M~ 4+ o) (15)

zZ7—

4.2 Mo Ni Co ternary system

Similar to the treatment of the Mo-NrFe
system in Fig. 1, we obtain the mathematical
models of concentration distributions of Mo, Ni
and Co in the Mo-Nr Co system as shown in Fig.
2.

For the &MoNi region, introducing as
sumed point 33/(0, 0) whose concentration z 33
1s: Mo, 47.17; Ni, 34.13; Co, 18.70. Then
the mathematical model for concentration distri-
butions is

— 2z

z= S(x, y)= [2z37 + .

20 V7
240~ 233 X
- Z33— 32 )]M3(1+ %)"—
Z390— 237 X
[233/ + 140 )]M3(40) +
4 — Z R
3+ 0y M= 1+ 00+

[2n+ 570y + 25)] Maf= 2+ )+
[2+ S50+ 29 Ma(= 3+ 35+
[220+ 5550y 4 19)] Ma(= 44 )+
[230+ T557 0+ 14)] Ma(— 5+ 35)+
j_,

Z4a5— Z ,
[z31+ T557 2 (y+ 20)] Ma(= 6+ 300+

245 Z3 .
{[2231-" 18. 5 ()+ 20)] -

[230+ 5570+ 11 Mal= T4 35)
(16)

For the HFCo7Mog region, introducing as
sumed points 32 (80, — 13) and 25 (80, — 24)

w hose concentrations are

Mo N1 Fe
232 46.90 33.15 19.95
225 48.20 38.78 13.02

then the mathematical model for concentration
distributions is

Z34— 19

X , z ,
z= S(x, y)= [2z19+ o1 (y+ 75) -

Z

2= T N+ 67)] Ma(5+ )+
[210+ TSy T5) Ma(d 350+
[z20+ g (y+ 6701 Ma(3+ o)+
[22+ g9 (v+ 6] Ma(2+ J5)+

. X
[z20+ o0 (Y ADIMs(1+ o)+

23— Z923 . X .
[ZZ3+ 77 ()+ 37)]M3($) +

Z3— 24

4
[zt Tg o (y+ 2U]Ma(= 1+ 300+

[229+ ST e 24)] M- 24 )
(17)

For the bcc(Mo) region, the mathematical
model for concentration distributions is
z= S(=x, y)
_ Z57— 246 o . X
- [246+ 127 () 53)]M3(2+ 80) +

[248"' 132 0 48)]M3(1+ %)"—

[ZS()+ 140 0 40)]M3(80)+

Z60— 252(

[ZSZ+ 156 [y 24)]M3(_ I+ %)-‘—

Z — Z ) X
[zsa Mg (y= 200] Ma(= 2+ 55)+

Zg— Z56 i X
[ZS6+ 163 ()_ 17)]M3(_ 3+ go)"’

[22 46+ ii“Lsz%'(y— 53)-  (Topagell8)
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